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1 Introduction
The literature on irreversible investment can be roughly divided in two classes. The first class fo-
cuses on single investment opportunities arising in situations where the considered investment is
significant and subject to potentially large sunk costs which are lost whenever the investment is
undertaken. In those cases the problem of the firm is essentially to determine the timing at which
the investment opportunity should be optimally exercised. The second class of models focuses on
sequential irreversible investments arising in the literature on capital accumulation. The sequential-
ity of investment implies that in those cases the decision to invest is not solely based on the current
capital stock and the lost option value, it also depends on the value of the options to increase
productive capacity in the future. Since these growth opportunities are realized in the future the
potential uncertainty over the future evolution of interest rates, measuring the opportunity cost of
investment, may have a potentially significant impact on the optimal capital accumulation dynamics
of a rationally investing firm. Our objective is to address this issue in this study.
The seminal research by Arrow (1968) and the subsequent studies by Nickell (1974a, 1974b) (see
also Nickell (1978), chapters 4 and 6) constitute the pioneering studies considering how investment
irreversibility affects rational capital accumulation policies. Arrow (1968) analyzed the optimal ir-
reversible investment decision of a neoclassical firm under certainty and characterized the resulting
deterministic accumulation rule. Nickell (1974a, 1974b) (see also chapter 6 in Nickell (1978)) ex-
tended the analysis of Arrow (1968) and analyzed how expectations about the future evolution of
demand and governmental policy affects the optimal investment policy. Baldwin (1982) introduced
uncertainty into the analysis of the irreversible capital accumulation policy within a discrete Marko-
vian setting. He investigated the combined impact of uncertainty and irreversibility on the optimal
investment rule and demonstrated that under the optimal policy the standard NPV-rule is no longer
valid and only investment projects generating a sufficiently high NPV-premium will be undertaken.
Hence, according to the findings in Baldwin (1982) an optimally investing firm will require an ex-
ercise premium compensating for the loss in future opportunities resulting from an increase in the
current productive capacity. Pindyck (1988) considered incremental investment in the presence of
uncertain demand. Along the lines of the neoclassical literature, he focused on the marginal invest-
ment decision and derived the optimal irreversible capital accumulation policy. He also considered
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the impact of increased volatility on the optimal accumulation policy and found that even though
increased volatility increases the expected cumulative present value of the future marginal revenue
products of capital (and, therefore, increases the incentives for acquiring an extra marginal unit of
capital) it simultaneously increases the value of waiting. Since the latter effect dominates the former,
he concluded that increased volatility will unambiguously increase the required investment premium
and reduce the optimal capacity of the firm. Dixit (1995) considered irreversible investment in the
presence of scale economies (more precisely, in the presence of a convex concave production tech-
nology; see Skiba (1978)). He established that if the underlying driving stochastically fluctuating
factor dynamics is modelled as a geometric Brownian motion then an optimal irreversible capital
accumulation policy, which can be characterized in terms of a single threshold at which investment
is optimal, exists in that case as well. However, in contrast with the ordinary decreasing returns
to scale case, he found that depending on the initial capital stock the optimal policy may initially
contain a possibly long period of inaction after which a potentially significant lump-sum investment
is made. After that the optimal policy is incremental and only marginal units of capacity are ac-
quired each time the underlying process hits the investment boundary. Bertola (1998) considered
irreversible investment in the presence of various sources of uncertainty which were modelled as po-
tentially correlated geometric Brownian motions. He characterized the optimal irreversible capital
accumulation policy explicitly by assuming that the production function is of the Cobb-Douglas
type and that the demand function is iso-elastic. Along the lines of the findings of Pindyck (1988)
he showed that the optimal accumulation rule is to maintain the marginal revenue productivity of
capital below a critical threshold level at which investment is optimal. He also investigated the
long run behavior of the optimal accumulation rule and concluded that even though uncertainty
decelerates irreversible investment it simultaneously results on average in higher capital intensity of
production. Alvarez (2006) extended the analysis of Pindyck (1988) to the case where the under-
lying price dynamics is characterized by a one-dimensional but otherwise general linear diffusion.
He found that the findings of Pindyck (1988) are robust in the sense that the optimal accumulation
policy can be generally characterized in terms of a single investment threshold which is increasing as
a function of installed productive capacity. Alvarez (2006) also considered the impact of increased
volatility on the optimal investment threshold and on the value of the optimal accumulation policy.
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He presented a set of generally satisfied conditions under which increased volatility decreases the
marginal value of the optimal accumulation policy and expands the continuation region where in-
vestment is suboptimal. He also considered the long run behavior of the optimal accumulation policy
and stated a set of conditions under which a the optimal capacity tends towards a long run steady
state distribution. Somewhat surprisingly, the explicit illustrations of Alvarez (2006) indicated that
even though increased volatility increases the required investment premium, it does not necessarily
decelerate investment and that the impact of increased volatility on the optimal accumulation policy
is ambiguous.
Ingersoll and Ross (1992) were the first to consider the impact of interest rate stochasticity on
the optimal timing of single irreversible investment opportunities. By modelling the underlying short
interest rate as a martingale they were able to characterize the optimal exercise strategy explicitly
and studied its qualitative properties. One of the key implications of the findings of Ingersoll and
Ross (1992) was that, in contrast to the standard results obtained in models considering irreversible
investment in the presence of price uncertainty, increased interest rate uncertainty (in the mean
preserving sense) does not necessarily decelerate rational investment demand. The sensitivity of
the values of perpetual interest rate derivative contracts with respect to changes in the volatility of
the underlying short rate process was considered in Alvarez (2003) by assuming that the underlying
underlying short rate process is a general linear diffusion. Alvarez (2003) presented a set of weak
conditions under which increased interest rate volatility unambiguously decelerates the exercise of
single investment opportunities and raises their values. An interesting implication of the findings of
Alvarez (2003), extending part of the results by Ingersoll and Ross (1992), was that higher interest
rate volatility tends to increase the value and postpone the exercise of compound contracts with
non-decreasing payoffs written on zero coupon bonds. Recently, Alvarez and Koskela (2003, 2005,
2006) extended in a series of studies the analysis of Ingersoll and Ross (1992) to a different setting
by allowing for both interest rate and revenue uncertainty. They studied the qualitative impact
of interest rate volatility on the optimal timing of single investment opportunities and presented a
set of conditions under which the standard negative relationship between volatility and investment
remains valid.
Even though the literature on the optimal exercise policies of single irreversible investment
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opportunities in the presence of various sources of uncertainty is extensive, the impact of interest
rate uncertainty on sequential investment opportunities has been overlooked sofar. This is somewhat
surprising since as Bertola (1998) states in his seminal study on optimal sequential irreversible
incremental investment:
”Allowance for time-varying parameters (especially σ, the degree of uncertainty facing
the firm, and r, the required rate of return) would also probably be necessary before the
model can be empirically implemented.”
Motivated by this argument and our discussion at the beginning of this section, we consider in this
study the impact of investment irreversibility and interest rate uncertainty on the optimal incremen-
tal capital accumulation policy of a competitive firm operating in the presence of decreasing returns
to scale. For the sake of analytical generality, we model the underlying stochastically fluctuating in-
terest rate as a one-dimensional but otherwise general diffusion process. In line with previous studies
considering irreversible investment in the presence of price uncertainty, we again find that optimal
irreversible capital accumulation policy is to invest whenever the expected cumulative present value
of the marginal revenue product of capital exceeds a critical exercise boundary which depends on,
among others, the prevailing interest rate, the cost of acquiring new capacity, and interest rate
volatility. As usually, the expected cumulative present value of the marginal revenue product of
the current capital stock is a decreasing function of the prevailing interest rate. Consequently, we
find that the optimal accumulation policy can alternatively be characterized as a rule requiring that
the firm should invest whenever the underlying interest rate process becomes sufficiently low and
hits a capital-dependent investment threshold. Since the marginal revenue product of capital be-
comes smaller as the operating capital stock is increased, the investment threshold is monotonically
decreasing and eventually vanishes as productive capacity tends to infinity. Interestingly, and in
contrast to standard results obtained in the presence of price uncertainty (cf. Dixit (1995)), our
results indicate that depending on the precise specification of the underlying short rate process
there are circumstances under which there is a maximal capital stock above which investment is
never optimal no matter how low the underlying interest rate becomes. Above this critical stock
the future expansion opportunities become valueless and the value of the firm coincides with the
expected cumulative present value of the revenue product of the initial productive capacity. This
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result is important since it clearly indicates that the presence of uncertainty does not necessarily
remedy the circumstances where investment is never optimal no matter how stable or low the un-
derlying interest rate process becomes. Put somewhat differently, our model predicts that there are
situations where the firm may be unable to exceed the hurdle of low expected cumulative marginal
revenue productivity of capital. An important implication of this finding is that within our mod-
elling framework interest rate cuts do not necessarily stimulate investment and, therefore, that slow
investment activity and a low interest rate are not necessarily mutually exclusive regimes.
The contents of this paper are as follows. In section two we present the considered model and
state our main results on the optimal accumulation policy and its value. Our general findings are
then illustrated in section three. Finally, some concluding remarks are stated in section three.
2 Irreversible Capital Accumulation
Consider a competitive value maximizing firm producing a single homogenous output by using a
single homogenous and non-depreciating productive input k, which will be called capital. As usually,
we assume that the marginal product of capital is positive but decreasing and satisfies the standard
Inada conditions. In mathematical terms, we assume that the cash flow F : R+ 7→ R+ representing
the flow of revenues accrued from operating with a given capital stock is continuously differentiable,
monotonically increasing, strictly concave, and satisfies the conditions F (0) = 0, limk→∞ F ′(k) = 0,
and limk↓0 F ′(k) = ∞. For simplicity, we also assume that the acquisition costs of new capital are
linear and that the unit cost of capital is an exogenously determined constant q > 0. Consequently,
the instantaneous increase in the net profits accrued from increasing the current capital stock k by
a marginal unit of capacity ∆k are F (k +∆k)− F (k)− q∆k.
In order to model interest rate uncertainty, we assume that the firm faces a stochastically fluc-
tuating interest rate evolving on the complete filtered probability space (Ω,F , {Ft}t≥0,P) according
to the stochastic dynamics characterized by the stochastic differential equation
drt = α(rt)dt+ σ(rt)dWt, r0 = r ∈ R+ (2.1)
where Wt is standard Brownian motion. We assume that both the drift coefficient α : R+ 7→ R
and the volatility coefficient σ : R+ 7→ R+ are continuously differentiable and that σ(r) > 0 for
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all r ∈ R+. As usually, we denote the linear differential operator associated with the interest rate
process rt as
A = 1
2
σ2(r)
∂2
∂r2
+ α(r)
∂
∂r
. (2.2)
In accordance with standard models of interest rate dynamics, we assume that the upper boundary
of the state-space of the underlying short rate process rt is natural and, therefore, that the short rate
process can never become infinitely high in finite time. On the other hand, the lower boundary is
assumed to be either natural, entrance, or exit (for a comprehensive characterization of the boundary
behavior of diffusions, see Borodin and Salminen (2002), pp. 14–19). It is worth noticing that this
assumption rules out short rate models allowing negative interest rates.
Given these technical assumptions, we now plan to determine the optimal irreversible capital
accumulation policy maximizing the expected cumulative present value of the future net cash flows
of the firm. Put formally, our objective is to solve the irreversible investment problem
V (k, r) = sup
k∈Λ
E
∫ ∞
0
e−
∫ s
0 rtdt(F (ks)ds− qdks). (2.3)
We call an irreversible capital accumulation policy k admissible if it is non-negative, non-decreasing,
right-continuous, and {Ft}-adapted, and denote the set of admissible accumulation policies as Λ. A
standard application of the generalized Itoˆ-formula yields (cf. Protter (1990), p. 74)
V (k, r) ≤ qk + sup
k∈Λ
E
∫ ∞
0
e−
∫ s
0 rtdt(F (ks)− rsqks)ds. (2.4)
Thus, (2.4) demonstrates that the value of the firm is dominated by the sum of the value of current
capital stock and the expected excess return accrued from following an optimal investment policy.
Along the lines of the standard neoclassical theory, (2.4) indicates that this excess return measures
the expected cumulative present value of the difference between the flow of returns F (k) accrued
from operating with a capital stock k and the user cost of capital rqk (cf. Jorgenson (1963)). If
the capital accumulation policy is such that the expected present value of the future capital stock
vanishes in the long run (i.e. satisfies a transversality condition), then (2.4) constitutes an explicit
decomposition of the value in that case. Moreover, in order to guarantee the finiteness of the
objective functional in (2.3), we assume that the expected cumulative present value of the maximal
short-run profit flow pi(r) = supk∈R+ [F (k)− rqk] is finite.
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There are various approaches for solving stochastic capital accumulation problems of the type
(2.3). The most typical approach is to rely on sufficient variational inequalities characterizing the
value of the optimal policy (for an extensive and excellent treatment of these type of problems, see
Kobila (1993) and Øksendal (2000)). Alternatively, the optimal irreversible investment policy can be
analyzed by focusing on the decision to acquire a further marginal unit of capacity and relying on the
optimal timing interpretation of the marginal value of capital under the optimal accumulation policy
(cf. Bertola (1998) and Pindyck (1988)). The advantage of this approach is that it characterizes the
marginal value as the value of a single discrete investment opportunity and no subsequent embedded
investment opportunities have to be taken into account in the valuation. Given this argument, we
follow the study of Pindyck (1988) and consider the optimal timing problem
Vk(k, r) = inf
τ
E
[∫ τ
0
e−
∫ s
0 rtdtF ′(k)ds+ e−
∫ τ
0 rtdtq
]
(2.5)
characterizing the marginal value of capital under the optimal accumulation rule. Applying the
strong Markov property of diffusions and the time homogeneity of the underlying interest rate
dynamics imply that the marginal value of capital (2.5) can be re-expressed as
Vk(k, r) = G(r)F ′(k)− sup
τ
E
[
e−
∫ τ
0 rtdt
(
G(rτ )F ′(k)− q
)]
, (2.6)
where
G(r) = E
∫ ∞
0
e−
∫ s
0 rtdtds (2.7)
denotes the price of a perpetual consol bond (i.e. the value of a perpetual bond paying a continuous
constant coupon). Equation (2.6) demonstrates that the marginal value of capacity can be expressed
in terms of the difference between the expected cumulative marginal revenue product of capital
accrued from continuing operation with the current capital stock and the value of increasing the
capacity by a marginal unit of stock and, therefore, losing the opportunity to continue operation
with the current stock. Hence, (2.6) characterizes the marginal value of the optimal accumulation
policy in terms of the trade-off between the values of the two available options for the firm.
It is well-known that if the price of a perpetual consol bond exists it can be re-expressed as
G(r) = B−1ϕ(r)
∫ r
0
ψ(y)m′(y)dy +B−1ψ(r)
∫ ∞
r
ϕ(y)m′(y)dy, (2.8)
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where B denotes the constant Wronskian of the fundamental solutions ψ(r) and ϕ(r) of the ordinary
second order differential equation (Au)(r) = ru(r), m′(r) = 2/(σ2(r)S′(r)) denotes the density of
the speed measure and
S′(r) = exp
(
−
∫
2α(r)dr
σ2(r)
)
denotes the density of the scale function of the interest rate diffusion rt (for a complete charac-
terization of the fundamental solutions see Borodin and Salminen (2002), pp. 18–19). Given this
representation we are now in position to state our main result characterizing the optimal capital
accumulation policy and its marginal value for a broad class of interest rate models.
Theorem 2.1. Assume that 0 is either a natural or an exit boundary for the short rate process rt.
Then the marginal value of capital reads as
Vk(k, r) =

q r ≤ r∗k[
G(r)− G′(r∗k)ϕ′(r∗k)ϕ(r)
]
F ′(k) r > r∗k
(2.9)
where the optimal investment threshold
r∗k = argmax
r
{
G(r)F ′(k)− q
ϕ(r)
}
<
F ′(k)
q
(2.10)
is the unique root of the optimality condition q/L(r) = F ′(k), where the continuously differentiable
function
L(r) = −S
′(r)
ϕ′(r)
∫ ∞
r
ϕ(y)m′(y)dy (2.11)
is monotonically decreasing and satisfies the conditions 0 < L(r) < 1/r, limr↓0 L(r) = ∞, and
limr→∞ L(r) = 0. Under the optimal capital accumulation policy, the marginal value of capital is a
non-increasing function of the current short rate r and satisfies both the value matching condition
limr→r∗k Vk(k, r) = q and the smooth fit condition limr→r∗k Vkr(k, r) = 0. Moreover, the optimal
exercise threshold is an increasing function of the marginal productivity of capital and, therefore, a
monotonically decreasing function of the current capital stock (i.e. r∗′k < 0), limk→∞ r∗k = 0 and
limk↓0 r∗k =∞.
Proof. See Appendix A.
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Theorem 2.1 states a set of conditions under which the optimal capital accumulation policy is
to invest whenever the underlying interest rate process hits a capital dependent threshold at which
the expected cumulative present value of the net marginal revenue product of capital is maximized.
Interestingly, the optimal boundary is characterized by the classical balance identity
G(r∗k)F
′(k) = q +
G′(r∗k)
ϕ′(r∗k)
ϕ(r∗k)F
′(k).
This identity requires that along the optimal accumulation boundary the expected cumulative
present value of the marginal revenue product of capital generated by the acquired productive stock
has to coincide with its full costs which now are constituted by the sum of the marginal acquisition
cost and the lost option value. Since each marginal unit of installed stock decreases the marginal
revenue productivity of the installed capital stock and the acquisition cost of each marginal unit is
constant we observe that the optimal boundary is decreasing. Thus, along the lines of studies con-
sidering irreversible investment in the presence of price uncertainty, our results indicate that larger
firms will typically invest less frequently than smaller firms and that the investment frequency will
eventually vanish as the productive capacity tends to infinity. It is also worth emphasizing that
since the ratio between the value of a marginal unit of capital and its acquisition cost can be inter-
preted as Tobin’s marginal q, the optimal accumulation policy can alternatively be interpreted as a
rule requiring that investment should be postponed as long as marginal q is below unity and that
capacity should be increased as soon as it coincides with unity (for excellent and extensive surveys
of this classical subject see Abel (1990) and Caballero (1999); for a critical treatment see Caballero
and Leahy (1996)).
The multiplicatively separable form of the optimality condition L(r)F ′(k) = q and the mono-
tonicity of the marginal product of capital and the function L(r) imply that the optimal investment
boundary can be expressed in terms of the underlying interest rate as r∗k = L
−1(q/F ′(k)) or in terms
of the installed capital stock as k∗r = F ′
−1(q/L(r)). Moreover, since the marginal value of the future
expansion options
ϕ(r)
G′(r∗k)
ϕ′(r∗k)
F ′(k) = B−1ϕ(r)
∫ r∗k
0
ψ(y)(F ′(k)− qy)m′(y)dy
vanish as the capital stock tends to infinity and is integrable due to the assumed integrability of the
maximal short run profit, we now observe that the value of the optimal irreversible accumulation
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policy can be expressed as (for a comparison see, for example, Bertola (1998), Dixit and Pindyck
(1994), pp. 364–365, Dixit (1995), and Pindyck (1988))
V (k, r) =

G(r)F (k) + ϕ(r)
∫∞
k
G′(r∗y)
ϕ′(r∗y)
F ′(y)dy k > k∗r
V (k∗r , r)− q(k∗r − k) k ≤ k∗r .
(2.12)
The explicit characterization of the value of the optimal investment policy has a natural interpre-
tation in terms of the optimal accumulation policy. Since a discrete lump sum investment k∗r − k is
made whenever the initial capital stock is below the optimal boundary k∗r , an optimally investing
firm incurs an immediate investment cost q(k∗r − k) thereby obtaining the value of future operation
V (k∗r , r). However, if the initial stock is above the optimal investment boundary k∗r then waiting is
optimal and the firm initiates its production with the existing productive capacity. In accordance
with the decomposition (2.6), the value is in that case constituted by two factors. Namely, the ex-
pected cumulative present value of the revenue product of capital generated by the current operative
capacity and the value of future expansion opportunities (cf. Dixit and Pindyck (1994), p. 365). As
intuitively is clear, even though the acquisition of new productive capacity increases the expected
cumulative present value of the revenue product of capital, it simultaneously decreases the value
of future expansion opportunities. Thus, (2.12) again shows that the acquisition of new capital is
based on an optimal trade-off between current revenues and future production potential.
Theorem 2.1 also proves that along the optimal boundary the marginal revenue product of
capital exceeds the marginal user cost of capital. Thus, the optimal capital stock is held below the
stock maximizing the short run profit flow of the firm and constituting the optimal policy in the
case of complete reversibility. An interesting implication of Theorem 2.1 is now presented in the
following corollary.
Corollary 2.2. Assume that the conditions of Theorem 2.1 are satisfied. Then the optimal invest-
ment boundary is characterized by the identity
F ′(k)
rq
= 1 +
ζ(r)
1− ζ(r) , (2.13)
where
ζ(r) =
∫ ∞
1
1
u2
f(ru)
f(r)
du ∈ (0, 1) (2.14)
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and f(r) = ϕ′(r)/S′(r) is a non-positive, continuously differentiable, and monotonically increasing
function.
Proof. See Appendix B.
Corollary 2.2 presents an economically interesting reformulation of the optimality condition
characterizing the optimal investment boundary. In the case where investment is reversible the
capital stock is maintained at the level where the marginal revenue product F ′(k) of the productive
capacity coincides with its marginal user cost rq. Hence, the term ζ(r)/(1−ζ(r)) appearing in (2.13)
measures the required excess return from a marginal unit of stock arising from the irreversibility of
investment. Since the function f(r) depends on the volatility of the underlying interest rate process,
we immediately observe that the required excess return from a marginal unit of stock depends on
this volatility as well. Unfortunately, characterizing the impact of interest rate volatility on the
excess return is generally extremely difficult, if possible at all. Thus, we will later illustrate the
magnitude of this excess return numerically in an explicit example based on the Cox-Ingersoll-Ross
(1985)-model of interest rates.
It is worth emphasizing that the results of Theorem 2.1 are valid only in the case where the
lower boundary of the short rate process is either natural or exit. If the lower boundary is entrance,
then part of the conclusions of Theorem 2.1 are no longer valid. Our main findings in that particular
case are now summarized in the following.
Theorem 2.3. Assume that 0 is an entrance boundary for the short rate process rt and define the
critical capital stock k˜ as the root of the equation F ′(k˜) = q/L(0). Then the marginal value of
capital reads as in (2.9) where the optimal investment threshold r∗k constitutes the unique root of the
optimality condition q/L(r∗k) = F
′(k) for k ≤ k˜ and r∗k = 0 for k > k˜. Especially, limk↓0 r∗k = ∞
and
Vk(k, r) = G(r)F ′(k)
for all k ≥ k˜.
Proof. See Appendix C.
Theorem 2.3 characterizes the optimal investment threshold and the marginal value of capital
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when 0 is an entrance boundary for the underlying interest rate process1 (such boundary behav-
ior is possible, for example, for the Cox-Ingersoll-Ross model of interest rates; see Borodin and
Salminen (2003), p. 72). In contrast to the results of Theorem 2.1, we now observe that there is a
maximal capacity above which the value of future expansion opportunities vanishes and investment
becomes suboptimal no matter how low the interest rate becomes. This result is important since it
demonstrates that the presence of uncertainty does not always eliminate the optimality of regimes
where investment is never optimal and, therefore, that depending on the term structure there may
be limits to the size of a firm. Put somewhat differently, Theorem 2.3 characterizes circumstances
under which a firm which has entered into a regime of low marginal productivity will also remain
there and no further investment can be expected even in situations where the opportunity cost of
investment becomes negligible. In those cases the critical stock k˜ actually constitutes the long run
maximal capital stock of an optimally investing firm.
Having derived the marginal value of capital, we now characterize the optimal irreversible
investment policy and the marginal product of capital explicitly in the following theorem.
Theorem 2.4. The optimal capital accumulation policy reads as
k∗t = max(k, F
′−1(q/L(it))), (2.15)
where it = inf{rs; s ∈ [0, t]} denotes the minimal short rate up to time t. Under the optimal
accumulation policy the marginal product of capital reads
F ′(k∗t ) = min(F
′(k), q/L(it)).
Especially, if 0 is an entrance boundary for the underlying short rate and limr→∞ S(r) =∞ (i.e. ∞
is repelling) then limt→∞ k∗t = max(k, k˜) almost surely.
Proof. See Appendix D.
Theorem 2.4 demonstrates that under the optimal capital accumulation policy the capital stock
exceeds the critical stock k∗r = F ′
−1(q/L(r)) at all times. Since the process it decreases only at those
1It is worth emphasizing that the conclusions of Theorem 2.3 are valid for regular boundary behavior as well as
long as the underlying interest rate process is not admitted to attain negative values. Hence, its conclusions are valid
for the standard Vasicˇek-model of interest rates as well as long as an extra boundary condition is imposed at zero.
12
instants where the identity it = rt holds, we find that, except for the potentially discrete initial in-
vestment (k−k∗r)+, the optimal irreversible capital accumulation policy is incremental and, therefore,
such that a marginal unit of capital is acquired each time the underlying short rate hits the optimal
investment threshold. Interestingly, Theorem 2.4 characterizes those circumstances under which the
capacity of a rationally investing firm converges towards a long-run steady-state value measuring the
maximal size of the firm. This steady-state value depends naturally on the characterization of the
underlying short rate dynamics and, especially, interest rate volatility. Unfortunately, characterizing
the sign of this dependence is very difficult, if possible at all. As our numerical illustration in the
next section indicates, increased interest volatility seems to increase the long run optimal capacity.
Given the characterization of the optimal irreversible accumulation policy and its value, it would
be of interest to analyze how increased interest rate volatility affects these factors in the general
case. Unfortunately, determining the sign of the overall impact of increased interest rate volatility
on the optimal policy is difficult, if possible at all. The main reason for this argument is that even
though increased volatility typically increases the value of waiting by increasing the value of future
expansion options it simultaneously increases the current investment incentives by increasing the
expected cumulative present value of the marginal revenue product of the capital stock. Whichever
of these two opposing effects dominates determines the sign of the net impact of increased volatility
on the optimal accumulation policy.
3 Explicit Illustrations
3.1 The Cox-Ingersoll-Ross (1985)-model
In order to illustrate our general results explicitly, we first assume that the underlying price process
evolves according to the familiar Cox-Ingersoll-Ross (1985)-model characterized by the stochastic
differential equation
drt = (a− brt)dt+ σ√rtdWt, r0 = r ∈ R+, (3.1)
where a, b, σ ∈ R+ are exogenously exogenously determined constants. In this case the density of
the scale function is
S′(r) = r−
2a
σ2 e
2br
σ2
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and the speed density reads as
m′(r) =
2
σ2
r
2a
σ2
−1e−
2br
σ2 .
Consequently, we observe that now the interest rate tends towards the long-run stationary Gamma-
distribution
P (r) =
(
2b
σ2
) 2a
σ2 1
Γ(2a/σ2)
r
2a
σ2
−1e−
2br
σ2
with a mean E[r∞] = a/b and variance var[r∞] = aσ2/(2b2). Moreover, the lower boundary 0 is
regular for the interest rate process whenever 2a < σ2 and entrance whenever 2a ≥ σ2 (cf. Borodin
and Salminen (2002), p. 72).
In this case the decreasing fundamental solution of the ordinary differential equation (Au)(r) =
ru(r) reads as
ϕ(r) = eηrΨ
(
ηa
ησ2 − b ,
2a
σ2
,
2(b− ησ2)r
σ2
)
,
where
η =
b
σ2
−
√
b2
σ4
+
2
σ2
< 0
denotes the negative root of the characteristic equation σ2z2 − 2bz − 2 = 0, and Ψ denotes the
confluent hypergeometric function of the second type (cf. Abramowitz and Stegun (1968), pp.
555-566).
For simplicity, we now assume that the production technology is characterized by the standard
Cobb-Douglas-type function F (k) = kθ, where θ ∈ (0, 1). In that case, the optimal investment
boundary can be characterized in the (r, k)-plane by the equation
k∗r =
(
θL(r)
q
)1/(1−θ)
In Figure 1 we illustrate the optimal investment boundary for various volatilities under the assump-
tions that b = 0.1, a = 0.004, θ = 0.8 and q = 15. As was established in Theorem 2.3 Figure 1
indicates that the optimal investment threshold is a decreasing function of the current capital stock.
However, the overall impact of increased volatility on the optimal irreversible capital accumulation
policy is ambiguous, since increased interest rate volatility does not necessarily decrease the optimal
investment boundary. Moreover, along the lines of the results of Theorem 2.3 we observe that in
the present case there is a maximal capital stock k˜ above which investment is never optimal no
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Figure 1: The Optimal Investment Boundary k∗r
matter how low the underlying interest rate becomes. We illustrate this critical stock in Table 1 for
various volatilities under under the assumptions that b = 0.1, a = 0.004, θ = 0.8 and q = 15. As our
numerical example seems to indicate, increased interest rate volatility seems to increase this critical
stock. Moreover, since this critical stock constitutes the long run steady state capacity, we find that
our illustration indicates that the long run optimal capacity of the firm is increasing as a function
of interest rate volatility.
Table 1: The Critical Stock k˜
σ 1 % 2% 3% 4% 5% 6%
k˜ 18.34 19.03 20.14 21.73 23.85 26.56
The excess return E(r) = ζ(r)/(1−ζ(r)) is, in turn, illustrated in Table 2 for various volatilities
under under the assumptions that b = 0.1, a = 0.004, θ = 0.8 and q = 15. Along the lines of Figure
1, we again observe that the overall impact of increased volatility on the excess return is ambiguous.
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Table 2: The Excess Return
σ, r 0.1% 1% 2 % 3% 4% 5% 6% 7% 8%
3% 28.50 2.19 0.79 0.40 0.24 0.17 0.13 0.10 0.08
6% 27.06 2.35 1.07 0.68 0.49 0.38 0.31 0.26 0.22
9% 26.11 2.75 1.41 0.95 0.72 0.58 0.49 0.42 0.37
3.2 The Cox-Ingersoll-Ross (1980)-model
In order to illustrate our results in a case where 0 is a natural boundary for the underlying in-
terest rate dynamics, consider the Cox-Ingersoll-Ross (1980)-model characterized by the stochastic
differential equation
drt = σr
3/2
t dWt, r0 = r ∈ R+, (3.2)
where σ ∈ R+ is an exogenously given constant measuring the volatility of the underlying process.
In this case the decreasing fundamental solution reads as ϕ(r) = rκ− , where
κ− =
1
2
−
√
1
4
+
2
σ2
< 0
denotes the negative root of the characteristic equation σ2q(q − 1) = 2. If the condition σ < 1 is
satisfied then the price of a perpetual consol bond reads as
G(r) =
1
(1− σ2)r .
Hence, we find that in the present example the optimal investment boundary reads as
F ′(k) =
(
1 +
1
κ+
)
qr,
where
κ+ =
1
2
+
√
1
4
+
2
σ2
> 1
denotes the positive root of the characteristic equation stated above. Thus, the excess return
required due to the irreversibility of the investment decision and the uncertainty of the underlying
interest rate is now 1/κ+ which is a volatility-dependent constant. Interestingly, since
∂κ+
∂σ
= −
(
1
4
+
2
σ2
)−1/2 2
σ3
< 0
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we find that in the present example increased interest rate volatility unambiguously increases the
excess return 1/κ+ and decreases the optimal investment threshold thereby expanding the continu-
ation region where investing is suboptimal. Moreover, in the present case the value of the optimal
irreversible accumulation policy reads as
V (k, r) =

F (k)
(1−σ2)r −
∫∞
k
q
κ−+1
(
(κ++1)rq
κ+F ′(y)
)κ−
dy k > k∗r
V (k∗r , r)− q(k∗r − k) k ≤ k∗r
where
k∗r = F
′−1
(
(κ+ + 1)qr
κ+
)
denotes the optimal investment boundary as a function of the current short rate r.
3.3 The Merton (1975)-model
In order to illustrate our results in a mean reverting setting subject to natural boundary behavior,
assume now that the underlying short rate process evolves according to the Merton (1975)-model
characterized by the stochastic differential equation
drt = art(1− brt)dt+ σrtdWt, r0 = r ∈ R+, (3.3)
where a, b, σ ∈ R+ are exogenously exogenously determined constants. In this case the speed density
reads as
m′(r) =
2
σ2
r
2a
σ2
−2e−
2abr
σ2
implying that if 2a > σ2 then the lower boundary is natural for the interest rate process and the
interest rate tends towards the long-run stationary Gamma-distribution
P (r) =
(
2ab
σ2
) 2a
σ2
−1 1
Γ(2a/σ2 − 1)r
2a
σ2
−2e−
2br
σ2
with a mean E[r∞] = (1 − σ22a )1b and variance var[r∞] = σ
2
2ab2
(1 − σ22a ). In this case, the decreasing
fundamental solution reads as
ϕ(r) = Ψ
(
1
ab
,
2a
σ2
,
2abr
σ2
)
,
where Ψ denotes the confluent hypergeometric function of the second type (cf. Abramowitz and
Stegun (1968), pp. 555-566). In order to illustrate the optimal investment boundary, we again
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assume that the production technology is characterized by the standard Cobb-Douglas-type function
F (k) = kθ. The optimal investment boundary is illustrated in Figure 2 for various volatilities under
the assumptions that b = 25, a = 0.005, θ = 0.8 and q = 15. Along the lines of our findings based on
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Figure 2: The Optimal Investment Boundary k∗r
the Cox-Ingersoll-Ross (1980)-model Figure 2 indicates that the overall impact of increased volatility
on the optimal investment boundary is negative.
4 Concluding Comments
In this study we considered the impact of interest rate stochasticity on the optimal irreversible capital
accumulation policy and the value of a competitive firm operating in the presence of decreasing
returns to scale. We derived the optimal investment rule by solving the associated optimal timing
problem characterizing the marginal value of capital. In line with with previous studies considering
irreversible capital accumulation in the presence of price uncertainty we found that the optimal
capital accumulation rule can be characterized as a standard threshold rule requiring that the capital
stock should be increased by a marginal unit each time the expected cumulative present value of the
future marginal revenue products of capital exceeds a critical level. Hence, according to our findings
productive capacity should be increased each time the underlying interest rate falls below an optimal
capital-dependent threshold. Somewhat surprisingly, we found that there are circumstances under
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which there is a maximal capital stock above which investment is never optimal no matter how low
the interest rate becomes. Consequently, our results indicate that interest rate stability or interest
rate cuts need not necessarily stimulate investment activity.
There are naturally several interesting directions towards which our analysis could be extended.
First, even though our model relies on a general diffusion characterization of the underlying interest
rate dynamics it overlooks the potential inter-temporal variability of other factors affecting the
optimal accumulation policy. Thus, following the study by Bertola (1998) and allowing for stochastic
price dynamics and uncertain technological progress would probably alter to some extent the findings
of our study. Second, introducing depreciation into the capital stock dynamics could potentially
have a significant impact on our main conclusions on the optimal accumulation policy since in that
case any current level of operational capacity becomes arbitrarily small in the long run. Therefore,
depreciation could potentially eliminate the optimality of regimes where the options to expand are
valueless and investment is suboptimal. Third, the assumed irreversibility of investment rules out
the analysis of situations where investment is partially reversible due to costly disinvestment. Thus,
it would be of interest to extend our analysis along the lines of the pioneering studies by Abel and
Eberly (1996) and Abel, Dixit, Eberly and Pindyck (1996). Fourth, following the study by Caballero
and Leahy (1996) and introducing fixed costs into the cash flow of the firm would probably have a
profound impact on both the optimal accumulation policy and the value of the firm since in that
case the optimal accumulation policy is typically no longer incremental but consists of a sequence of
potentially significant lump-sum investments. Unfortunately, the investigation of these extensions
is outside the scope of the present study and, therefore, it is left for future research.
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A Proof of Theorem 2.1
Proof. For a fixed initial capital stock k ∈ R+, consider the behavior of the mapping
H(r) =
G(r)F ′(k)− q
ϕ(r)
.
Standard differentiation yields
H ′(r) =
1
ϕ2(r)
[
(G′(r)ϕ(r)−G(r)ϕ′(r))F ′(k) + qϕ′(r)]
Applying the representation (2.8) now implies that
H ′(r) =
S′(r)
ϕ2(r)
[∫ ∞
r
ϕ(y)m′(y)dyF ′(k) + q
ϕ′(r)
S′(r)
]
. (A.1)
However, since
−ϕ
′(r)
S′(r)
=
∫ ∞
r
ϕ(y)ym′(y)dy (A.2)
we find that H ′(r) = S′(r)Lˆ(r, k)/ϕ2(r), where
Lˆ(r, k) =
∫ ∞
r
ϕ(y)[F ′(k)− yq]m′(y)dy.
It is clear from this expression that Lˆ(r, k) < 0 as long as r ≥ F ′(k)/q. Assume now that r < rˆ <
F ′(k)/q. Then
Lˆ(r, k) ≥ Lˆ(rˆ, k) +
(
F ′(k)
rˆ
− q
)(
ϕ′(rˆ)
S′(rˆ)
− ϕ
′(r)
S′(r)
)
→∞
as r ↓ 0 since limr↓0 ϕ′(r)/S′(r) = −∞ whenever 0 is either an exit or a natural boundary for the
interest rate process rt (cf. Borodin and Salminen (2002), p. 19). Hence, equation Lˆ(r, k) = 0 has
a unique root r∗k = argmaxr {H(r)} < F ′(k)/q for any k ∈ R+. Implicit differentiation now yields
∂r∗k
∂F ′(k)
=
1
ϕ(r∗k)(F ′(k)− r∗kq)m′(r∗k)
∫ ∞
r∗k
ϕ(y)m′(y)dy > 0
proving that increased productivity decelerates investment by increasing the optimal exercise bound-
ary. The strict concavity of F (k) then implies that the optimal investment boundary is a decreasing
function of the capital stock.
Consider now the optimality condition in terms of the function L(r) defined in (2.11). It is
clear from (A.1) that the condition H ′(r∗k) = 0 can be re-expressed as q/L(r
∗
k) = F
′(k). Moreover,
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applying (A.2) implies that the mapping L(r) can be re-expressed as
L(r) =
∫∞
r ϕ(y)m
′(y)dy∫∞
r yϕ(y)m
′(y)dy
.
Since ϕ(r) is decreasing and positive, we find that 0 < L(r) < 1/r and, therefore, that L(r) ↓ 0
as r → ∞. On the other hand, since limr↓0 ϕ′(r)/S′(r) = −∞ whenever 0 is either an exit or
a natural boundary for the interest rate process rt, we find by applying L’Hospital’s rule that
limr↓0 L(r) = limr↓0 r−1 =∞. Moreover, standard differentiation yields that
L′(r) =
(∫ ∞
r
yϕ(y)m′(y)dy
)−2
ϕ(r)m′(r)
∫ ∞
r
(r − y)ϕ(y)m′(y)dy < 0
proving the alleged monotonicity of the mapping L(r). Moreover, since L(r) = q/F ′(k) along the
optimal investment boundary, we find by applying the Inada-conditions and the limiting behavior
of L(r) that limk→∞ r∗k = 0 and limk↓0 r
∗
k =∞.
Denote the proposed marginal value function as U(k, r). Given the observations above we
immediately observe that since the proposed marginal value function can be re-expressed as
U(k, r) = q + (G(r)F ′(k)− q)− ϕ(r) sup
y≤r
[
G(y)F ′(k)− q
ϕ(y)
]
(A.3)
we have that U(k, r) ≤ q for all (k, r) ∈ R2+. On the other hand, since (AU)(k, r)−rU(k, r)+F ′(k) =
0 for all r > r∗k and (AU)(k, r) − rU(k, r) + F ′(k) = F ′(k) − rq > 0 for all r < r∗k, we find that
(AU)(k, r)− rU(k, r) + F ′(k) ≥ 0 for all (k, r) ∈ R+ × (R+\{r∗k}). Since U(k, r) is continuous with
respect to the current capital stock, twice continuously differentiable with respect to the current
short rate r outside the optimal boundary, Urr(k, r∗k−) = 0 and
Urr(k, r∗k+) = −
2(F ′(k)− r∗kq)
σ2(r∗k)
<∞
we observe that the proposed marginal value function satisfies the sufficient variational inequalities
(cf. Theorem 10.4.1 in Øksendal (2003), p. 225) and, therefore, that U(k, r) ≤ Vk(k, r) for all
(k, r) ∈ R2+. However, since
U(k, r) = E
[∫ τ(r∗k)
0
e−
∫ s
0 rtdtF ′(k)ds+ e−
∫ τ(r∗k)
0 rtdtq
]
,
where τ(r∗k) = inf{t ≥ 0 : rt ≤ r∗k} we find that U(k, r) ≥ Vk(k, r) demonstrating that U(k, r) =
Vk(k, r).
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It remains to establish the alleged monotonicity of the marginal value of capital as a function
of the current short rate r. To accomplish this task, we first observe that equation (2.9) implies
that on the continuation region (r∗k,∞) where investing is suboptimal we have
Vkr(k, r) = ϕ′(r)
[
G′(r)
ϕ′(r)
− G
′(r∗k)
ϕ′(r∗k)
]
F ′(k).
Applying (2.8) yields
G′(r)
ϕ′(r)
= B−1
∫ r
0
ψ(y)m′(y)dy +B−1
ψ′(r)
ϕ′(r)
∫ ∞
r
ϕ(y)m′(y)dy.
Since ϕ′(r) < 0 and
d
dr
[
G′(r)
ϕ′(r)
]
=
2S′(r)
σ2(r)ϕ′2(r)
∫ ∞
r
ϕ(y)(y − r)m′(y)dy > 0
we find that the marginal value is monotonically decreasing as a function of the current short rate
r on the continuation region (r∗k,∞) where investing is suboptimal. Since Vk(k, r) = q on the
optimal investment region, we find that the marginal value of the optimal accumulation policy is
non-increasing as a function of the current short rate r which completes the proof of our theorem.
B Proof of Corollary 2.2
Proof. The assumed boundary behavior of the underlying interest rate process at ∞ implies that
ϕ′(r)/S′(r) ↑ 0 as r ↑ ∞. Thus, since
d
dr
[
ϕ′(r)
rS′(r)
]
= ϕ(r)m′(r)− ϕ
′(r)
r2S′(r)
we find by integrating this identity and multiplying the resulting equation with the factor S′(r)/ϕ′(r)
that
1
r
= L(r) +
S′(r)
ϕ′(r)
∫ ∞
r
ϕ′(y)
y2S′(y)
dy = L(r) +
S′(r)
ϕ′(r)r
∫ ∞
1
ϕ′(ur)
u2S′(ur)
du.
Applying this identity to the optimality condition L(r)F ′(k) = q proves the alleged result.
C Proof of Theorem 2.3
Proof. Consider the function L(r) in the case where 0 is an entrance boundary for the underlying
short rate process rt. In that case we have that limr↓0 ϕ(r) =∞ and limr↓0 ϕ′(r)/S′(r) > −∞. Thus,
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the results of Theorem 2.1 imply that in this case the mapping L(r) is nonnegative, decreasing, and
satisfies the inequality 0 < L(r) < L(0). Consequently, we find that q/L(r) ∈ (q/L(0),∞) and,
therefore, that equation F ′(k) = q/L(r) has a unique root r∗k for all k ∈ (0, k˜). Moreover, r∗k = 0
for k ≥ k˜. Establishing that the marginal value of capital coincides with (2.9) under the optimal
capital accumulation policy is analogous with the proof of Theorem 2.1. It remains to establish that
Vk(k, r) = G(r)F ′(k) for all k ≥ k˜. Since the marginal value can be expressed as
Vk(k, r) = G(r)F ′(k) +
q −G(r∗k)
ϕ(r∗k)
ϕ(r)
the alleged result follows by letting k → k˜ and applying the limit limr↓0 ϕ(r) =∞.
D Proof of Theorem 2.4
Proof. The optimal capital accumulation policy satisfying the conditions of the associated Skorohod
problem (cf. Kobila (1993) and Øksendal (2000)) reads as
k∗t = max
(
k, sup{F ′−1(q/L(rs)); s ∈ [0, t]}
)
.
The monotonicity of both the marginal product of capital and the function L(r) then imply that
k∗t = max
(
k, F ′−1(q/L(it))
)
,
where it = inf{rs; s ≤ t}. The monotonicity of the marginal product of capital then implies that
F ′(k∗t ) = min(F ′(k), q/L(it)).
If 0 is natural for the underlying short rate and ∞ is a repelling boundary, then it → 0
almost surely as t → ∞ (cf. Karatzas and Shreve (1991), pp. 345–346). Thus, limt→∞ k∗t =
max
(
k, F ′−1(q/L(0))
)
almost surely.
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